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[Monck 3HaHU B BONBLLINX CAOMHBLIX N HETOYHbIX

JaHHbIX

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa

AKX 1 o Pactywas noTpebHocTs B aHanumse BonbLUNX, CIOXKHBIX 1
3HaHUn
0 Ky HETOYHbIX AaHHbIX B BMOMHpOpMaTuKe, aHan3e TEKCTOB U
n30bpaxxeHnii

@ HetouHocTb B faHHBIX MOXET ecTecTBEHHbIM 0bpa3om
33[,aBaTbCsl MHTEPBAJIaMUN 3HAYEHWNIA
@ Ananus hopmMasibHBIX MOHSTUIA U €ro pacLnpeHne -

y30pHble CTpYKTypbil (pattern structures) gatoT cpeacTsa
O4Ns1 aHaNM3a Takoro poAa AaHHbIX
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AccoumaTnBHble NpaBufia B MaliHWHTe JaHHbIX
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aHanusa
AaHHBIX ©

e e Anroputm Apriori [R.Agrawal et al. 1993] noucka 4acTbix
O KErEE accounaTuBHbIX NpaBun BUAA A —conf supp B

Ao o Bonee acbpekTnBHBIE ANTOPUTMbI Ha OCHOBE 3aMKHYTbIX
ans
noucka MHoxecTB npusnakos [L.Lakhal et al. 2000], [L.Szathmary

3HaHWii B

AaHHbIX et aI. 2007], etc-

o PaCﬂpOCTpaHEHI/Ie noen ncnosib30BaHMA 3aMKHYTbIX
MHOXXECTB NMPU3HAKOB Ha NMPON3BOJIbHbIE 3aMKHYTbIE
onncaHums



Basic notions of Formal Concept Analysis

Pewetkn
chopmane-

G [Wille 1982], [Ganter, Wille 1996]

B COBPEMEH-

BEES (LS JE @ M, a set of attributes
ELERCE]
PREBIGIERE 2] @ G, a set of objects
3HaHUn
ot @ relation | C G x M such that (g, m) € I if and only if the object g has the
Ky3Heuyo .
e attribute m.

A®M ans @ K:=(G,M,I) is a formal context.

nowvucka

3HaHUR B Derivation operators: AC G, BC M

AAHHbIX

A (e M| gim for all g € A}, B' % {g € G | glm for all m € B}

A formal concept is a pair (A,B): AC G, BC M, A =B, and B’ = A.

- Ais the extent and B is the intent of the concept (A, B).

- The concepts, ordered by (A1, B1) > (A2, B2) <= A1 D Az
form a complete lattice, called the concept lattice B(G, M, /).



Example. Diagram of the ordered set of concepts

e ({1.2,3,43.0)

HbIX MOHATUIA

B COBpeMeH-

HbIX MeTogax
aHanusa

AAHHbBIX N ({1'4}’{d})

3HaHUA

({2.3,4}{<}) ¢ ({1.2},{a})

{3.43{b.c})

C.0.KyzsHeuo

APM gnsa
novcka
3HaHUA B ({4} .{b,c,d})

AAHHbIX

({1}{a,d}) % ({2}{a.c})

(@.M)

o)
|
<
o
o
0
o

a — has 3 vertices,
b — has 4 vertices,
c — has a direct angle,

d - equilateral

m 7>




Implications

PeweTkn
chopmane-
HbIX NOHATWUNA
B COBPEMEH- . . . . .
R - @ Implication A — B for A, B C M holds if A’ C B’, i.e., every object that
aHanuza has all attributes from A also has all attributes from B.

AAHHbBIX N

3HaHuii @ Armstrong rules:
C.0.KyzsHeuo
S A— B A— B,A—C A—B,B—C
A gnn AuC—»B '~ A—=BuC '’ A= C
nouncka
B @ A Minimal implication base:
AHHbIX . .. . . - .
i A base with the minimum number of implications [Duquenne, Guigues

1986] or
the stem base, its premises can be given (Ganter 1987) by pseudointents:
o Aset PC M is a pseudointent if
P # P" and
Q" C P for every pseudointent Q C P.




Aliases of Implication

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax

ananusa Functional dependency

AaHHBIX 1

Snanuii @ Jumping emergent pattern (for implications with a fixed
€O fymnese right-hand side)
A®N ans e Exact association rule
SHanai © o Element of a (disjunctive) version space (for implications
with a fixed right-hand side) [T.Mitchell 1982] , M.Sebag
[1993]

@ Elements of Horn theories [Angluin et al. 1992], [Kautz et
al. 1993]



Association rules

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax

ELERL K] . . . .
AaHHBIX 1 Partial implications [M. Luxenburger, 1991]

3HaHWA Association rules [Agrawal et al., 1993]
€0 e e . . .
SO A partial implication (association rule) of context (G, M, 1) is an expression
A —¢,s B, where

APM gnsa
nowncka @ ¢,s€[0,1];
3HaHUN B

!
AaHHBIX @ c= %, called confidence, conf(A — B);

’

@ 5= %, called support, supp(A — B).

Implication is an association rule with confidence = 1.



Concise representation of association rules [L.Lakhal
et al. 2000]

Pewetkn
chopmane-
HbIX MOHATUIA

B COBpeMEH- . . . . .
HbIX MeToaax Find all “frequent” (with support greater than a threshold) association rules with

ELENLEE] confidence greater than a threshold.
'q:::::(ﬁ“ Solution stages
C.0.Kyaneuo @ Find all frequent "closed itemsets" (frequent intents)
@ For each frequent intent B find all its maximal subintents Ay,..., A,
’::;';'KQ”" @ Retain only those A; for which conf(A; — B) > 6, where 0 is confidence
e O threshold
GG @ Find minimal generators of the remaining A;, compose rules of the form

mingen(A;) — B.
Luxenburger basis

@ Spanning tree of the concept lattice diagram

@ Duquenne-Guigues implication base
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Confidence

({1.4}.{d})

1/2

({4}.{b,c,d})

(

[
|
<
o
o
0

a7

Example. Diagram of the ordered set of concepts.

({1,2,3,4},0)

({1.2},{a})

1/2

({2}{a.c})

(2.M)

Good rules with supp > 1/2 and minconf > 3/4

1.0 — ¢, sup(®— c)=conf(d — c)=3/4;
2. ¢ — b, sup(c — b)=1/2, conf(c — b) =
2/3.
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Example. Diagram of the ordered set of concepts.

({1,2,3,4},0)

({1.2},{a})

1/4

({2}{a.c})

(2.M)

Good rules with supp > 1/2 and minconf > 3/4

1.0 — ¢, sup(®— c)=conf(d — c)=3/4;
2. ¢ — b, sup(c — b)=1/2, conf(c — b) =
2/3.



JSM-hypotheses

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax [Finn 1991], [Ganter, Kuznetsov 2000]
aHanusa
AaHHBIX ©

SHaHuii A target attribute w ¢ M,

C.0O.KysHeuo @ positive examples: Set G4 C G of objects known to have w,

o @ negative examples: Set G_ C G of objects known not to have w,
ans
noucka @ undetermined examples: Set G C G of objects for which it is unknown

SHELIT @ whether they have the target attribute or do not have it.
AaHHbIX

Three subcontexts of K = (G, M, I): K. := (G, M, It), e € {—,+, 7} with
respective derivation operators (-)*, ()7, and ()7.

A positive hypothesis H C M is an intent of K4 not contained in the intent g—
of any negative example g € G_: Vg € G- H < g~. Equivalently,

Ht™ " =H, H CG;UG:..
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Example of a learning context

G\ M color  firm smooth  form | fruit
1 apple yellow no yes round +
2 | grapefruit | yellow no no round +
3 kiwi green no no oval +
4 plum blue no yes oval +
5 toy cube green yes yes cubic —
6 egg white yes yes oval —
7 | tennis ball | white no no round —
8 mango green no yes oval T




Natural scaling of the context

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax

aHanusa G \ M f
AAHHbBIX N
ECELT 1 apple X x x N
2 rapefruit X X X X
C.0.KyzsHeuo & p- H H
3 kiwi X x x X -
4 plum X X | X X +
APM gnsa 5 b
nouncka toy cube x x . X _
3HaHWii B 6 egg X X x x _
BAHHBIX 7 | tennis ball X X a X —
8 mango X X a X T

Abbreviations:

w_n a oo

g for green, “y" for yellow, “w" for white, “f" for firm, “f" for nonfirm,

w_n = won

s” for smooth, "“S" for nonsmooth, “r" for round,

=

T’ for nonround.



Positive Concept Lattice

Pewetkn
chopmane-
HbIX MOHATUIA

({1,234}, {T})

{71} = {wisr}
BICOBPEMEHS minimal (+)-hypotheses -
HbIX MeTodax ‘\:: - =~ >falsified (+)-generalizations
aHanusa NS - 4

AAHHbIX N \\ =
3HaHWI ({12} () ® ({34341}

C.0.KyzsHeuo

A®I pns {1} (1H & ) ({4}, {17)

noncka

3HaHWii B

AaHHBIX

(0,M)
G\ M w y g b f T s H r T fruit

1 apple X X X X +
2 grapefruit X X X X +
3 kiwi X X X x +
4 plum X X X X +
5 toy cube X X x x -
6 egg X X x x -
7 tennis ball X X X X -
8 mango X X X X T




Hypotheses vs. implications

Pewetkn

chopmane-
HbIX MOHATUIA
B coBpeMeH- A positive hypothesis h corresponds to an implication h — {w} in the context
RIEES DI Ky = (G, MU{w}, I+ UGy x {w}).

aHanusa

RTINS A negative hypothesis h corresponds to an implication h — {w} in the context
3HaHwWii K- = (G, MU{w}, - UG- x {w}).
O [eEEE Hypotheses are special implications: their premises are closed (in Ky or in K_).
APM gnsa _
novncka G\ M w o y g b f f s 5 r T | fruit
3HaHUN B 1 I < % % <
AaHHBIX apple i
2 | grapefruit X X X | x X
3 kiwi X X X X X
4 plum X X X X X
5 toy cube X X X X X
6 egg X X X X X
7 | tennis ball | x X X X X




Stability index for selecting best concepts

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH- f EE
nerx mevonax I Definition
aHanusa

AaHHBIX W Given a concept (A, B), (intentional) concept stability Stab(A, B) is
Sranad the fraction of subextents of A that have the same intent B:

C.0.KyzHeuoH

DCA|D =8B
ADI gns Stab(A, B) = |{ = 2|‘A| }|

3HaHWii B
AaHHbIX

Example: Two contexts with three objects each.
g{ = {bv n, C} gé = {b7 n, e} gé{b> f}
Stab({1,2.3},{b}) = 3/8

gatb,nct g5 ={be} g ={bf}
Stab({4,5,6}, {b}) = 4/8



Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

C.O.Kys

APM gnsa
novcka
3HaHWii B
AaHHbIX

Toxicology analysis by means of hypotheses

V.G.Blinova, D.A.Dobrynin, V.K.Finn, S.0.Kuznetsov, E.S.Pankratova,
Toxicology Analysis by Means of JSM-Method, Bioinformatics, 19(2003)

Training Set: Data of the National Toxicology Program (NTP) with 120 to 150
positive examples and 190 to 230 negative examples of toxicity: molecular graphs
with indication of whether a substance is toxic for four sex/species groups: {male,
female} x {mice, rats}.
Test Set: Data of Food and Drug Administration (FDA): about 200 chemical
compounds with known molecular structures, whose (non)toxicity, known to
organizers, was to be predicted by participants.
Participants: 12 research groups (world-wide), each with up to 4 prediction
models for every sex/species group.
Evaluation: ROC diagrams
Stages of the Competition:

1. Encoding of chemical structures in terms of attributes,

2. Generation of classification rules,

3. Prediction by means of classification rules.

Results of each stage were made public (put on a web site).




Fragmentary Code of Substructure Superposition

Pewetkn
chopmane-
HbIX MOHATUIA

B COBpeMEH- . .
TR TR Example of Coding with FCSS
aHanusa [Avidon et al. 1982], [Blinova eta 1., 2000]

AAHHbBIX N
3HaHWA Chemical structure Complete list of descriptors

H H H H

6,06 x2
H, o 0200331  x2
ADI gns \N ‘S‘ 1300241  x2
noucka / H 2400331  x2
3HaHUA B H o 0264241
0262241
AaHHbIX " g H—N \ P
H

0200331 (li d ipt
6,06 (cyclic descriptors) (linear descriptors)

wpos 23]



Positive hypotheses for toxicity

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-

% e Some positive hypotheses for toxicity causes

aHanusa

AAHHbBIX N
ERERT Molecular graph FCCS descriptors (encoding) | # of predictions in sex/species group(s)

noucka .

EREGLN B S AN {(6,06), (0200021)} 2 for FR

AaHHbIX

ﬁ CHj
el ]\'H)
| {(0201131), (0202410)} 1 for FR, 1 for MM

wpos  [24]



Roc diagrams: Female mice
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Feanale Mice
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ADI gns
noncka
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3HaHWii B
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Roc diagrams: Male mice
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Male Mice
T T T T
ADI gns
noncka
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3HaHuiA B
AaHHbIX s
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u
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1817 P 2100
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b .
o 12 245MU3
20y
i
m
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Roc diagrams: Female
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Fomsle Rats
I T T T T
ADI gns
novcka 1
- 08 - 1
3HaHWii B
AHHbIX
A LANTL 13 25:5MU:
TANZ  WLEUL  26SMU
L 0ot | ¥ANDISLEL2  27SUTH
5 SANULIGLEUS  28NIND
E 6 SANU2 17LISE
i GANUSISLUCH
- 2% 3
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Roc diagrams: Male rats
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1 T T T T
VANIL  9BAUP ITLISL  2sSMu2
ADI gns 2ANI2 I0GONS  I8LUCI  265MU3 ]
nouncka NO ILIANO 10LUC2  27SUT
= 08 [EANULI2JANG 20LUCY  28VINI -
3HaHuiA B =
SANUZ  BKWAL 29WAlI
AHHbIX
A GANUIL4LEUL WAL
TBAUS  ISLEU2 3WAD
06 [EBAUN  16LEU 4 4
6
7 %
1
3
04 % 4
o M
30
1 N
8 2
02| 192025 |
3
s
ol . . s .
0 02 04 06 08 [

False Posiive Rate
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C.0.KyzsHeuo

V30pHble CTPYKTYpbI

V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs



Beyond datatables: graphs with labels

Pewetkn

chopmane-
FBDX MOHATIN Let (£, <) be an ordered set of vertex labels.
B COBpeMEH- .
HbIX MeTogax M= ((Vl, /1), E1) dominates N> := ((Vz, /2)7 E2) orla <TI4

aHanusa if there exists a one-to-one mapping ¢: Vo — V4 such that
AAHHbBIX N

3HaHUA

@ respects edges: (v,w) € E2 = (¢(v),¢(w)) € E1,

C.0.Kys @ fits under labels: h(v) < h(p(v)).

Example: £ = {x, NHa, Cl, CHs, C, OH}

V3opHble C — CHs

CH3; — C — OH T—C—z NH; — C — OH
CTPYKTYpPbI 1 "
C

I R
Cl/ Cl/ \CH3 Cl/ \CH3 Cl/ \CH3

vertex labels are unordered z < A for any vertex label A € £

nx

NPUIOXKEeHNS



Semilattice on graph sets

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
bl (X} N{Y}={Z|Z<X,Y, VZ.<X,Y Z. £ Z}

AaHHBIX 1

. = The set of all maximal common subgraphs of X and Y.
C.O0.Kysz
Example:
CHz—C—OH CHz—C—Cl CH3 —C—Cl ﬁ—CH3
C ¢ C

V3opHble / \ |_| / \ f— \
CTPYKTYPpPbI 1 cr CH3 oH 1 oH 1
nx

NPUIOXKEeHNS



Meet of graph sets

Pewetkn
chopmane-
HbIX MOHATUIA

B COBpeMeH- For sets of graphs

HbIX MeToaax
P X ={Xy,...,.X}and Y ={VY1,..., Y}
AAHHbBIX N

3HaHWU xn y = MAX S(U,,J({Xl} r {n}))

C.0.KyzsHeuo

M is idempotent, commutative, and associative.

Example:

CHz —C— CHz3 —C— —CH.
V3opHble 3—C—OH 3—C—Cl [¢] 3

CTPYKTYpPbI 1

nx C c _ C—CH3
NPpUAOXKeHNs / |_| / \ - /

NHz OH C1 OH

a=—
Q=0

o=



Pattern Structure
[Ganter, Kuznetsov 2001]

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeToAax (G,D,?) is a pattern structure if

ELERL K] . " . "
AaHHBIX 1 @ G is a set (“set of objects”);

3HaHWiA @ D= (D7 |—|) is a meet-semilattice;

C.0.KyzsHeuo . .
AT @ §: G — D is a mapping;

@ the set §(G) := {d(g) | g € G} generates a complete subsemilattice
(Ds,1) of (D, ).

Possible origin of M operation:

V3opHble . i Lo

CTPYKTYpbI 1 @ A set of objects G, each with description from P;

::,,,noxe”m @ Partially ordered set (P, <) of “descriptions” (< is a “more general than”
relation);

@ The (distributive) lattice of order ideals of the ordered set (P, <).



Pattern Structure

PeweTkn
chopmane-
HbIX MOHATWIA
B COBpeMEH-
HbIX MeToaax
arnannsa the subsumption order is defined as cC d: = cMnd
AAHHbBIX N -

3HaHUA

Let (G, (D,M),d) be a pattern structure, then

=cC.

Derivation operators:
C.O0.Kysz

A® :=Tgcad(g) for ACG

c®:={geG|cCi(g)}forceC.
A pair (A, ¢) is a pattern concept of (G, (C,M),9) if

V3opHble

CTPYKTYpPbI 1
nx

ACG,ceC,A°=c,c*=A
NPpUAOXKeHNs
A is extent and c is pattern intent.
A C G is closed if A®® = A.
d € D is closed if d°° = d.



Implications and Associations in Pattern Structures

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
3HaHU

For A, B €D
Implication A — B holds if A®° C B°.

Association rule A — B with support s and confidence c¢ holds if

o lacne))
- A
V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs

_ 1(a°nB°)]|
5= G



A training sample

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
BEES (LS JE Positive examples:

aHanusa
AaHHBIX ©
3HaHWi

CH3 — C — OH CH3 — C — OH CH; — C— OH CH3 — C —2Cl

I I I I
O NN

OH Cl CH3 OH Cl

Negative examples:
V3opHble

CTPYKTYpPbI 1 CH3z — C — NH;

nx

NPUIOXKEeHNS @

NH NH»

NHy; — C — OH

NH2 Cl



Positive lattice

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
3HaHU

{1,2,3,4}

g (-)-example 6
¢—CHg
e} . NHp -¢—OH
. ON
lCH3 c1

CHz-g-C1 C1—¢
c e}

CHg J
V3opHble
CTPYKTYpPbI 1
nx -
OXKEHNA >
npun
P CHz-C—C1
C
—
OH cl

positive examples 1, 2, 3, 4



Pattern Structures

PeweTkn
chopmane-
HbIX MOHATWIA
B COBpeMEH-
HbIX MeToaax
arnannsa the subsumption order is defined as cC d: = cMnd
AAHHbBIX N -

3HaHUA

Let (G, (D,M),d) be a pattern structure, then

=cC.

Derivation operators:
C.O0.Kysz

A® :=Tgcad(g) for ACG

c®:={geG|cCi(g)}forceC.
A pair (A, ¢) is a pattern concept of (G, (C,M),9) if

V3opHble

CTPYKTYpPbI 1
nx

ACG,ceC,A°=c,c*=A
NPpUAOXKeHNs
A is extent and c is pattern intent.
A C G is closed if A®® = A.
d € D is closed if d°° = d.



Reinventing the closure in Data Mining

PeweTkn
chopmane-
HbIX MOHATWIA
:b;‘):,,ih:::; Late 1990s: a wave of interest in graph mining, with application in chemistry,
aHanuza protein analysis, analysis of XML documents, etc. First Apriori-like algorithm

'q:::::(ﬁ“ gSpan was fairly efficient.

C.0.Ky3sHeLo8 X. Yan and J. Han, gSpan: Graph-Based Substructure Pattern Mining, Proc. IEEE Int. Conf. on
Data Mining, ICDM’02, 2002, pp.721-724, IEEE Computer Society

However, it was outperformed by CloseGraph from

X. Yan and J. Han, CloseGraph: mining closed frequent graph patterns, Proc. of the 9th ACM

SIGKDD Int. Conf. on Knowledge Discovery and Data Mining, KDD'03
V3opHble
CTPYKTYpbI 1 where closed graphs are defined in terms of “counting inference’:

Given a labeled graph dataset D and a graph g € D

support(g) is a set (or number) of graphs in D, in which g is a subgraph.

A graph g is called closed if no supergraph f of g (i.e., a graph such that g is
isomorphic to its subgraph) has the same support.

nx
NPUIOXKEeHNS



Closed graphs and closed sets of graphs
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Remark: Unlike closed subsets of attributes, closed graphs, ordered by subgraph
e isomorphism, do not make a lattice (there can be multiple sups and infs).
.0.KysHeuyo

However, closed graphs are related to closed sets of graphs (i.e., sets G such that
G°° = G) as follows:

Proposition. Let a labeled graph dataset D be given, then

V3opHble
CTPYKTYpPbI 1

1. For a closed graph g there is a closed set of graphs G such that g € G.
o 2. For a closed set of graphs G and an arbitrary g € G, graph g is closed.

NPUIOXKEeHNS



Projections as Approximation Tool
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aHaman Motivation: Complexity of computations in (G, D, ), e.g.,
AAHHBIX 1 testing SUBGRAPH ISOMORPHISM, i.e., relation < for graphs, is NP-complete.

3HaHUA

C.0.KyzsHeuo

1 is projection on an ordered set (D,LC) if ¢ is

monotone: if x C y, then ¢(x) C ¢(y),

contractive:
V3opHble

CTPYKTYpbI U a. ’(/J(X) E X

nx

npunoxXeHis b. Vx,Vy,3z: y C¢(x) = y = 9(2)
idempotent: ¢ ((x)) = (x).



Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

C.0.KyzsHeuo

V3opHble

CTPYKTYpPbI 1
nx
npUIoXeHns

Projections as an Approximation Tool

3-vertex subgraphs.

Y3(T1):

Cl—C —C
Cl —C —N
:C—C —C
C —C —N
C —N —C

N —C —N

Example. Projection 3(I") takes 1 and I> to the sets of their connected

¥3(Ta):

Cl —N —C
CcC—C—C
C —C —N
C —C —N
N —C —N



A property of projections

PeweTkn

chopmarne- N i , . ,
1 Any projection of a complete semilattice (D, 1) is M-preserving, i.e., for any
B COBpeMEH- X7 YeD

HbIX MeToaax _

ELELCE] 'lﬁ(X r Y) - ’Z’(X) r "ﬁ(Y)

AAHHbBIX N . . . . .

e Example. A projection 1n(I") takes I' to the set of its n-chains not dominated by
- other n-chains. Here n = 3, the label x is smaller than other labels, other labels
C. .AKy3Heuyo . . .

YEHe are pairwise incomparable.

a—c—c

YzopHble Cl—C —N Cl —N —C Cl—az —C

CTPYKTYPbI 1

e c—c—c c—c—c ¢ —c—c

NPpUAOXKeHNs - — - - - -

Pa(0y):C O TN s(Te): C O TN (M) Mepg(Ta): ©——C—N

c—N—cC ¢ —N—cC ¢ —N—c¢
N—C —N N—C—N N —C —N



Projections and Representation Context
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o v Graphs /C N €l —C —C Graph projections
aHanusa C N Cl —C —N
AAHHBIX 1 | | P ¢ —C—C
3HaHWi C C —_— C —C —N
\ / projection C —N —C
C.0.KyzsHeuo N

\ N—C —N

¥
- | Lattice of graph sets projections
projection

V3opHble Basic Theorem of FCA Basic Theorem of FCA
CTPYKTYpbI 1 X X
5 Representation Context Representation Subontext
npunoXeHNs G\M[a b ¢ d e f | goal G\MJ[a b NN f | goal

1 X X x x + 1 x X x +

2 X X X X X X + 2 x X x X +

3 X X X + ¥ 3 X X +

4 x X x x + _. 4 x X x +

5 X X X — rojectio! 5 X X -

6 x X ox X x - 6 x X x -

7 X X X X X - 7 X X X -




Projection types used in chemical applications

PeweTkn
chopmane-
HbIX MOHATWIA
B COBpeMEH-
HbIX MeToaax
ananusa We used several types of projections of labeled graph sets that are natural in

O chemical applications:
3HaHUWN

C.0.KysHeuo @ k-chain projection: a set of graphs X is taken to the set of all chains with k
vertices that are subgraphs of at least one graph of the set X;

@ k-vertex projection: a set of graphs X is taken to the set of all subgraphs
with k vertices that are subgraphs of at least one graph of the set X;

@ k-cycles projection: a set of graphs X is taken to the set of all subgraphs
V3opHsle consisting of k adjacent cycles of a minimal cyclic basis of at least one
CTPYKTYPEI 1 graph of the set X.

nx
NPUIOXKEeHNS

Mixed projections (with same algebraical properties of simple projections) are also
possible.



4-Projections
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C.0.K euo

V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs

positive examples 1,

DSS’06

[20]




3-Projections
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C.0.K euo

V3opHble

CTPYKTYpPbI 1
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e
OH c1

N
s sees CHz —C—OH CI CHg c1
s [EERE]

positive examples 1, 2, 3, 4 DSS'06  [21]



2-Projections
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V3opHble
CTPYKTYpPbI 1
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"....g-.....--"'

positive examples 1, 2, 3, 4

DSS’'06

[22]



Improving results with graph patterns: Predicting
toxicity for female rats
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AAHHbBIX N ¢ PR2 i PR8
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05
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2
@
g
g
o
H
04 —
V3opHble
CTPYKTYpPbI 1
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C
00 —
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00 02 04 06 08 10

false positive



Improving results with graph patterns: Predicting
toxicity for male rats
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true positive

V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs

false positive



Applications of graph patterns in chemoinformatics

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

C.0.KysHeuo @ Predicting biological properties of chemical compounds (toxicity of
alcohols, carcinogenicity of halogen substituted hydrocarbons and
polycyclic aromatic hydrocarbons, etc.)

@ Forecast of biotransformation pathways in human organism

V3opHbie © Analysis of chemical reactions
CTPYKTYpbI 1

nx

NPpUAOXKeHNs



Other applications of pattern structures
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String patterns for studying protein and DNA sequences first in

C.0 Kysmeuo [S.Ferré et al., 2003] within Logical Concept Analysis

String patterns for (business) process mining [A.Buzmakov et al.
2012]

Interval vector patterns for analyzing gene expression data
[M.Kaytoue et al. 2009]

V3opHble
pYITYRELE Text clustering, classification, and retrieval based on graph

npUnOKeHNs representation [B.Galitsky et al. 2013]

© 0 ©0 o



eeeeee

V30pHble CTPYKTYpPbl Ha
rpadpax Ans aHanm3a u
o MaWMHWHIra TeKCTOB

nx
NpUIoXKEHN



Similarity between two paragraphs of text
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@ Baseline: bag-of-words approach, which computes the set

C.0.KyzsHeuo . .
of common keywords/n-grams and their frequencies.

o Pair-wise matching of syntactic parse trees representing
individual sentences.

Vsophie @ Paragraph-paragraph match retaining the structure of the
we o paragraphs

NPUIOXKEeHNS



Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

C.0.KysHeLoH

V3opHble

CTPYKTYpPbI 1
nx
npUIoXeHns

Finding similarity between two paragraphs

“Iran refuses to accept the UN proposal to end the dispute over work on
nuclear weapons”,
“UN nuclear watchdog passes a resolution condemning Iran for developing
a second uranium enrichment site in secret”,
“A recent IAEA report presented diagrams that suggested Iran was secretly
working on nuclear weapons”,
“Iran envoy says its nuclear development is for peaceful purpose, and the
material evidence against it has been fabricated by the US"

Il
“UN passes a resolution condemning the work of Iran on nuclear weapons,
in spite of Iran claims that its nuclear research is for peaceful purpose”,
“Envoy of Iran to IAEA proceeds with the dispute over its nuclear program
and develops an enrichment site in secret”,

“Iran confirms that the evidence of its nuclear weapons program is
fabricated by the US and proceeds with the second uranium enrichment
site”



Keywords: topic with no details
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C.O0.Kysz

Iran, UN, proposal, dispute, nuclear, weapons, passes,

resolution, developing, enrichment, site, secret, condemning,
second, uranium

V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs



Improvement: pair-wise generalization of syntactic
trees
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AanHEIx [NN-work IN-* IN-on JJ-nuclear NNS-weapons |, [DT-the NN-dispute
Sanu IN-over JJ-nuclear NNS-* ], [VBZ-passes DT-a NN-resolution ],

[VBG-condemning NNP-iran IN-* ],

[VBG-developing DT-* NN-enrichment NN-site IN-in NN-secret ]],
[DT-* JJ-second NN-uranium NN-enrichment NN-site ]],

[VBZ-is IN-for JJ-peaceful NN-purpose ],

C.0.KyzsHeuo

V3opHble
CTPYKTYpPbI 1

o [DT-the NN-evidence IN-* PRP-it ], [VBN-* VBN-fabricated IN-by
PUIOHCEHUS DT-the NNP-us ]



Parse Thickets

PeweTkn
d)opManb-“
s Parse thicket of a paragraph [B.Galitsky et al. 2013] is the set
anannaa of parse trees of the sentences comprising the paragraph
AAHHbBIX N

aHanuih augmented by links between words from different sentences.
QEREE  These links may originate from

@ Anaphora

@ Same entity

V3opHble

@ Hyponym/Hyperonym relation
et @ Rhetoric Structure Theory (RST) [Mann]

NPUIOXKEeHNS

@ Speech Act Theory (communicative actions, CA) [Searle]

A natural useful projection of a parse thicket is the set of its
phrases (noun phrases, verb phrases, etc.)



Parse Thicket. An example
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Similarity of parse thickets. An example
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C.0.KyzsHeuo

V3opHble
CTPYKTYpPbI 1
nx
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Evaluation

Pewetkn

chopmane-

HbIX MOHATUIA

B COBpEMEH-

il Three domains were used in evaluation [B.Galitsky et al. 2013]:
AaHHBIX 1

i @ Product recommendation, where an agent reads chats
€O Kmaes about products and finds relevant information on the web
about a particular product.

@ Travel recommendation, where an agent reads chats about
travel and finds relevant information on the travel websites
VEEDIEE about a hotel or an activity.

CTPYKTYpPbI 1

nx

npUAOKEHNA o Facebook recommendation, where an agent reads wall
postings and chats, and finds a piece of relevant
information for friends on the web.



Search evaluation environment
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HeiX MeToRAX For an individual query, the relevance was estimated as a

aHanusa

AanHeX 1 percentage of correct hits among the first thirty, using the
Sran values: {correct, marginally correct, incorrect}.

C.0.KysHeLoH ) ) .
@ Accuracy of a single search session is calculated as the

percentage of correct search results plus half of the
percentage of marginally correct search results.

Vsophie @ Accuracy of a particular search setting (query type and

CTPYKTYpPbI 1

i search engine type) is calculated, averaging through 40
search sessions.

NPUIOXKEeHNS

@ For each search session, we re-ranked first 20 answers to
assess relevance of PT-supported search.
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C.0.KysHeLoH

V3opHble
CTPYKTYpPbI 1
nx
NPpUAOXKeHNs

Search environment

For our evaluation, we used customers’ queries to eBay
entertainment (3000 event descriptions per day are
processed, PTs built and indexed ). Also, eBay
product-related domains is used (>200.000.000 products
are searchable at one time).

e Entertainment domain of eBay (StubHub.com) is served by
SOLR. The size of search index for the currently available
events is 2G.

@ Queries range from simple questions referring to a
particular product a particular user needs, as well as a
multi-sentence forum-style request to share a
recommendation.

@ The totality of queries was split into noun-phrase class,

verb-phrase class, how-to class, and also independently

split in accordance to query length (from 3 keywords to
multiple sentences).
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V3opHble
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Query

type. complexity = L =
3z : | 52
P iz |52
H H Fl3E
$, |22 E -
28 | ==
2% | zs
23 S
PERRE
38 75
2T R
23 ¥e
R ] g
iz H
=y ;
gz g
Product | lcompound | 623 | 691 | 724 | 733
recomme | sentence
ndation | Zseat 615 |05 |79 | 716
search
3 seat 595 |62 |72 714
Fsent 504 |66 685|667
Travel Tcompound | 648 | 68 S
recomme | sent
ndation [ Zseat 506 |68 |31 |73
search
3 sent 623 [661 |09 | 729
Feant 587|659 |25 |17
Facebook: lcompound | 545 632 653 672
friend sent
agent 2 seat 523|609 |61 | 639
support
search 3 sent 497 57 61.7 619
& sent 500 |83 | & 27
5815 6475 68.75 69.25

Average

Search relevance was compared
to Bing/Yahoo APIs as a
baseline, and pair-wise
sentence-sentence similarity



Data & Performance
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@ Mostly used entertainment products and entertainment
A content (data on performers, social data, search queries).
C.0 KysHeuos Covered by distributed SOLR.

@ In an industrial search application where phrases are stored
in an inverse index, the generalization operation can be
completed in constant time, irrespectively of the size of

Vemmiise index. A special search request handler implementing PT

CTPYKTYpPbI 1

nx matching is provided for SOLR.

NPUIOXKEeHNS

@ Although indexing for PTs versus regular text is much
slower, it is done using distributed framework.



Search relevance improvement
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::Ha::.ffm @ Unfiltered precision is 58.2%,
C::amu @ Improvement by pair-wise sentence generalization is 11%,
@ Thicket phrases — additional 6%,
@ Taking projections to set of phrases reduces precision by
0.5%,
st @ The higher the complexity of sentence, the higher the
npunoxenna contribution of generalization technology, from sentence

level to thicket phrases to graphs.
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Similarity Operation for Intervals
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nex nonsui M Similarity operation 1 as an interval algebra
B COBpeMEH-
HbIX MeToaax M
EEVPE) Given ai, bla a, b2 eR,
AAHHbBIX N
ECELTI

S— [a1, b1] M [a2, b2] = [min(a1, a2), max(b1, b2)]

Intuitively, the similarity M of two intervals is the smallest
interval “containing” them.

V3opHble

CTPYKTYpPbI 1
nx

NPUIOXKEeHNS

[4,5] 1 [5,8] = [4, 8]

[3.4] M[1,2] = [1,4]

M is idempotent, commutative and associative.



Interval Ordering

Pewetkn
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HbIX MOHATUIA 5 0
g — Partial order C on intervals

HbIX MeTogax

anasusa Given two intervals iy = [a1, b1] and i» = [ap, by], the order on
ey them is given by: i1 C i

C.O.KysHeuoH PN Il Il 12 — I].

& [a1, b1] M [a2, bo] = [a1, b1]

& a; <apand by > by

Veeme Intuitively, smaller intervals subsume larger intervals

CTPYKTYpPbI 1

o “containing” them.

NPUIOXKEeHNS

[4,8] C [6,8] as 4 <6 and 8 > 8
[25] Z[1,8]as2 L 1or5 #8
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Interval Patterns

Interval Patterns

An interval pattern e is a p-dimensional vector of intervals.

e = ([ai, bil)iefw,p

SELE

| A

For gene expression data (GED) each gene expression profile is
an interval pattern [M.Kaytoue et al., 2009-2013], e.g.

([5,5],[7,7],[6,6]), with p =3,

where [a, a] stays for any number a.
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CTPYKTYpPbI 1
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Interval pattern structure (G, (D, ),d). An example

L Isal=]s|

81 5 7 6
g || 6 8 4
83 4 8 5
84 4 9 8
85 5 8 5
G={g,. 8}

d(g1) = ([5,5],[7,7],[6,6])

D ={4(g1),.-,0(gs)}

(D,M) is a meet-semi lattice of
interval patterns.




Pattern Concept. An example
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81
82
&3
8ga
&5

asrpboO
0 © 00 0~
oo so

C.0.KysHeLoH

{8485} = Mgefangs)0(8)

{g4, 853" = 0(ga) M 0(gs)

{g4,g5}D (14.4],19,9].[8,8]) 1 ([5, 5], [8, 8], [5, 5])
SO (c:.2)” — (4,411 (5.5, 19,9 1 [5.8], [6.8] 1[5, 5]
CHAaRE L {g4, g5}D = <[47 5]5 [87 9]7 [5’ 8]>

nx

NPUIOXKEeHNS

{[4.5],[8,9], [5.8]}" = {g € G | ([4,5],[8,9].[5,8]) C d(g)}

{[4.51.18. 91 5, 8]}" = {g3, 84, &5}
The pair ({g3,84,85}, ([4,5],[8,9],[5,8])) is a pattern concept.



Pattern concept lattice. An example
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,:aﬂna:blf:am (Gv <[41 6]7 [77 g]: [47 8]))

3HaHUA

ERNENEY

g1
92
93
9a

" g5
({92= g5}= ([5’ 6]5 [87 8]7 [4‘7 5])
‘ Ul Iy

C.0.KyzsHeuo

a s~ pbho o
0 © 00 0 N
a0 oo
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- ({92}7([676]1[878]7[414]>

ag 5



Interestingness of an interval pattern
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ol Not all pattern concepts are interesting

B COBPEMEH-
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ol @ Biologists look for homogeneous groups of genes: concepts

AaHHBIX 1

£ having an interval pattern with “small” intervals.
3HaHUn

E @ aErEEr o E.g., Top concept is composed of largest intervals.

A solution: introduce a max_size parameter
Given d = ([a;, bi])ie[1,p), two constraints are defined:

V3opHble

CTPYKTYpbI 1 o 3/ € [1,p] (b, - 3:) S maXsize

npuaoXKeHNs e Vi€ [1’p] (b, — ai) S MmaXsjze.
Another solution

When computing 1, replace any [a, b] with b — a > max_size
by a *-value. Then, x C [a, b] < %1 [a, b] = « for any |[a, b].




Knowledge Discovery with interval pattern structures

Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

As for pattern structures in general, for interval pattern
structures, representing imprecise data, one can define

C.0.KyzsHeuo

@ concepts as clusters and concept lattices as taxonomies of

the field
et @ implication and hypotheses as strict dependencies in data
we @ association rules as probabilistic dependencies in data

NPUIOXKEeHNS
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Complexity of Computing Minimal Implication Bases
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Recall that pseudo-intents are premises of the cardinality-minimal implication

@ The number of pseudo-intents can be exponential, the problem of counting

C.0.Kysnevuo pseudo-intents is #P-hard. [Kuznetsov 2004]

@ Pseudo-intents cannot be generated in lexicographic order with polynomial
delay unless P=NP, generating pseudo-intents is TRANSENUM-hard
[F.Distel, B.Sertkaya 2010]

@ Recognizing whether a subset of attributes is a pseudo-intent is
coNP-complete [Kuznetsov, Obiedkov 2006], [Babin, Kuznetsov 2010]

@ Efficient parallelization approaches are not known

Ve "Knowledge"is hard to compute and can be much larger than data!
CTPYKTYpbI 1 For some tasks data may be a better “basis"

BbI30B

B6onbinx

AaHHbIX



Lazy evaluation vs. computing bases

pewerxn If you need implications for classification, make classification
opMasib- A
L directly from data
B COBpeMEH-
HbIX MeToAax .
ananusa If you need "understanding"data, compute a subbase:
AAHHbBIX N

SHaHui small-premise implications or those implicitly used for
QENESIE  Classification (anecdotal base)

9
9%

Short-Premise Base Implication Base

a —
ab —
V30pHble 9
CTPYKTYpbI 1 abc — . .
BbI30OB Classification
6onbLunx abed — Lazy Classification

AaHHbIX

e [7]




Good News: Classification with (-)”-closure
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For an arbitrary subset of attributes A C M the maximal set which

C.0.KyzsHeuo A A A X .
can be deduced with implications of the context is A”

What is A”? Take all objects that contain A and intersect them.

This takes O(|G| - |[M|) time for binary data tables and
O(|G|-p(E)+1|G|- p(M)) = O(]G|- p(1)) time for pattern structures,
where p(C) and p(r1) are times for computing = and 1, respectively.
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Lazy classification: An example

81

82 X X X X
g3 X X X X

8a X X X X X X
85 X X X X X X
86 X X X X X X
87 X X X X X X
88 X X X X X X
8o X X X X X X

2IM1/2 — g implications in the minimal base, with the premises
{m1, m2, m3}, {m1,m2, me}, {m1, ms, ms}, {m1, ms, me},
{m4’ m2, m3}’ {m47 ma2, mﬁ}' {m47 ms, m3}' {m4’ ms, m6}'
To classify a new object g w.r.t. target t, compute (g’ N g/)”, which takes
O(|GJ? - [M]) time.
If g’ = {m1, ma, ms}, then for all g; one has
t Z (gl N {m1, ma, ms})"”, hence g is classified negatively.



Pewetkn
chopmane-
HbIX MOHATUIA
B COBpeMeH-
HbIX MeTogax
aHanusa
AAHHBLIX N
ECELTI

C.0.KyzsHeuo

V30pHble
CTPYKTYPbI 1
BbI3OB
6onblinx
AaHHbIX

Lazy classification: An example

81

82 X X X X
83 X X X X

8a X X X X X X
85 X X X X X X
86 X X X X X X
87 X X X X X X
88 X X X X X X
8o X X X X X X

2IMI/2 = g implications in the minimal base, with the premises
{m1, m2, m3}, {m1,m2, me}, {m1, ms, ms}, {m1, ms, me},
{m4’ m2, m3}’ {m47 ma, m5}' {m47 ms, m3}' {m4’ ms, m6}'
To classify a new object h w.r.t. target t, compute (h' N g/)”", which takes
O(|GJ? - [M]) time. If ' = {my, mp, m3,}, then
for g7 one has (g7 N {m1, mz, m3})” = {m1, mo, m3, t}, hence h is classified
positively.



Classification with Hypotheses in O(|G|? - [M]) time
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C.0.KyzHeuo K+

Self-explanation New Object
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BbI3OB K_
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Fee Adding to K

e i Adding to K_
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JleHnBasi knaccudcpukaums c
NCMNoJib30BaHNEM
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How a new example g,is classified?

Pewetkn

chopmane- CHy—C——OH
HbIX MOHATUIA ‘

B COBpeMeH-
HBIX MF;TQFI,EX ien) = /C\

aHanusa feil NH,
AAHHbBIX N

3HaHWi
Positive examples:

CH3 — C — OH CH; — C—Cl
I

| [l l
© BN ©) /C /“\

Cc
2 OH e} CHs OH (e}

CHs — C — OH CHz — C — OH
NH: NH- NH:

Negative examples:

CH3z — C — NHz NH; — C — OH NH; — C — OH

@ el e !
CTPYKTYpBI 1

Sbis08 NH/ \NH; CHa/ \c1 NH/ \c1
B6onbinx
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Positive lattice

{1,2,3,4}
g (-)-example 6

G—CHy

< NHy—C—OH
[ron [roae

lcn3 cl
CcHyz—¢ <//
~ ~ W
ouf*

C

CHz—¢-Cl Cl—¢
e -
OH CHj J

positive examples 1, 2, 3, 4



Using (+)° for lazy evaluation: positive classification
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cHy—c—on <

|
= {1,2} CG
C\ {)}— +

NH,

This takes O(|G| - (p(M) + |G| - p(E)) time, where p(C) and

gl (1) are times for computing C and M, respectively.

BbI30B

Gomoun For projections of fixed size where p(I1) = O(1) classification of

AaHHbIX

a new object takes O(|G|?) time.



Using (-)° for lazy evaluation: negative classification

of gm

Pewetkn
chopmane-

HbIX MOHATUIA

B COBpeMeH-

HbIX MeTogax 5( )
aHanusa gm
AaHHBIX © OH 1
3HaHU

NH27W7CHB NHg*W*OH CH:;*(HZ NH27W
¢ M ¢ — ¢, ¢
VRN VRN / N
OH Cl CH3z Cl OH Cl
CH;—C NH;—C <
V30pHble
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BbI3OB v ) AN - 7
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Parallelization and Randomization of Lazy
Classification with Implications
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@ Computing closure is trivially parallelizable: one partitions the set of

e objects, computes closures in each part, and intersects all the partial
) closures. So, classifying an object with implications using k
B processors takes O(|G| - (|G| - p(T) + p(M)) - 1/k) time;

@ If one allows for certain tolerance in classification, the approach
becomes easily randomizable: one can apply usual Monte Carlo
techniques for estimating classification: one chooses a sample from
positive and negative examples and computes closures with respect
to them, thus obtaining an estimate for probabilities of classification
with complete data.

V30pHble

CTpyKTYPHI I For projections of fixed size where p(M1) = O(1) classification of a new
BbIz0B object takes O(|G|?/k) time.
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SERIEESC @ Ananus opMasibHbIX MNOHSATUSI U Y30PHbIE CTPYKTYPSI

3HaHUA

5 s MoryT 3dheKTUBHO UCMOIB30BATLCA A5t aHANN3a
BONBLUMX CNOXHBIX JAHHbBIX U 3HAHWI

@ C/IOXKHOCTb BbIYUCIEHNIA B Y30PHbLIX CTPYKTYpax C
NPUMEHEHNEM NPOEKLWi, eHNBOl Knaccudpukaumm,
napasfesnsauum u paHAoOMU3aLnMmn MOXeT BbiTb
NOJINHOMOM HU3KOW CTeneHu, 4TO NO3BONSET NPUMEHATH
5TU MOZeNN A5t aHaNM3a BoNbLINX HaHHbIX
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Cnacubo! Bonpochbi?
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